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Abstract
A symmetry-based approach to the unitary limit is applied to the Interacting Boson Model of nuclear structure. A reaction process
is proposed of two incident neutrons on a target nucleus that manifests the unitary limit. An intermediate state of the compound
nucleus appears as a tower of equally spaced states that span the representations of the one dimensional conformal group.
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1. Introduction
A challenge in the current theoretical description of the low-
lying collective states of atomic nuclei is the explicit mani-
festation of the strong interactions at the level of mesons or
of Quantum Chromo Dynamics. However, atomic nuclei ex-
hibit symmetries in their collective states that are hosted in the
group theoretical framework of the Interacting Boson Model [1]
with remarkable phenomenological success. At present, large
scale shell model calculations extract nuclear collective states
in the framework of effective field theories. In general, one
may raise the question about the relation of the symmetries of
nuclear collective states with the symmetries of the strong inter-
actions, either with the SU(N) gauge group or with conformal
symmetry as the classical limit of QCD. This problem reflects
in part the more general one of the understanding of the rela-
tion between the symmetries manifested in stationary states of
subatomic structures, of which atomic nuclei are an example,
with the symmetries of the fundamental interactions as they are
manifested in scattering states between the constituents of those
structures.
In nuclear structure, the occurrence of conformal invariance
is implied through the E(5) symmetry [2] that corresponds to
the critical point of a 2nd order Quantum Phase Transition be-
tween the U(5) and O(6) dynamical symmetry limits of the
IBM. Three different subgroup chains of the U(6) group consist
of the dynamical symmetry limits of the IBM and correspond to
shapes of the nuclear surface. These are the U(5) limit (spher-
ical), the O(6) limit (γ unstable) and the SU(3) limit (axially
symmetric). U(6) is the symmetry of a six dimensional har-
monic oscillator. A spin zero s boson and a spin two d boson
are its building blocks. The s and d bosons are identified as
valence nucleon pairs of total angular momentum zero and two
respectively with an overall fixed boson number to determine
an atomic nucleus.
In non-relativistic quantum mechanics, fermions at unitarity
[3, 4] manifest non-relativistic conformal symmetry and sup-
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port a quantum critical point. This is the unitary limit - an
otherwise scattering problem at the limit of infinite scattering
length which has been explored in light nuclei [5]. The unitary
limit supports a bound state of zero energy and since it reflects
universality one may expect that its application in nuclear struc-
ture should not distinguish between light and heavy nuclei.
The primary purpose of this paper is the connection of nu-
clear collective states with the unitary limit. Even though such
a purpose may in principle be explored via methods used in
light nuclei [5], this paper chooses the context of a boson model
for nuclear structure, i.e the IBM. The rationale for this choice
is that the IBM is amenable to a symmetry-based approach to
unitarity that has been applied in Bose Einstein condensates of
cold atoms at the vicinity of a Feshbach resonance [6].
The main part of the paper is focused on the manifestation
of non-relativistic conformal symmetry in a reaction process of
two incident neutrons on a heavy nucleus via the unitary limit.
Such a process emerges from the interpretation of the algebraic
comparison between the Schrodinger equation of trapped cold
atoms and of the O(6) limit of the IBM. The unitary limit occurs
in the maximum value of the scattering amplitude and reflects
a unitary interaction that mainly represents the coupling of the
incident pair of neutrons with the collective state of the target
nucleus.
2. Unitary limit
Take a system of N fermions with 3N coordinates ri, ri j =
ri − r j, subjected to the Hamiltonian
H =
∑
i
p2i
2m
+
4pia~2
m
δ(ri j). (1)
The delta interaction is the so called unitary interaction and is
compensated by an overall wavefunction ψ(r1, ...rN) satisfying
the Bethe - Peierls boundary condition [7]
lim
ri j→0
∂ ln(ri jψ)
∂ri j
= −1
a
. (2)
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In the physics of cold atoms [8] the trapping of fermions into a
potential translates the boundary condition of the unitary inter-
actions to the form [6]
lim
ri→r j
ψ(r1, ...rN) =
C
|ri − r j| + O(|ri − r j|) +
1
a
. (3)
The unitary limit occurs in the case of infinite scattering length
a → ∞. The physics in this case is said to be universal in view
of the absence of a characteristic length scale in the boundary
condition. This limit resembles the nucleon-nucleon interaction
with the short-range repulsion.
An interesting relation which reflects the unitary limit is the
zero-energy solution of the Schrodinger equation [4]∑
i
∂2
∂r2i
ψ(r1, ...rN) = 0, (4)
with the scaling behavior
ψ(r1, ...rN) = Rνψ(Ωk). (5)
This scaling behavior is of interest in relation to nuclear collec-
tive effects. Here, ν is a scaling exponent and R has dimensions
of length setting an overall scale for the distances between the
fermions within a trapping potential. These are standard hyper-
spherical coordinates with R2 =
∑
i r2i and the angles Ωk reflect
ratios between the ri.
3. An algebraic comparison
I would like now to discuss the similarity between the
Schrodinger equation of the U(6) ⊃ O(6) limit of the IBM [9]
and the non-relativistic Schrodinger equation for N particles in
hyperspherical coordinates [6] confided in a harmonic oscillator
trap. These two equations are
[
1
2
(
− 1
ρ5
∂
∂ρ
ρ5
∂
∂ρ
+
σ(σ + 4)
ρ2
+ ρ2
)]
Φ(ρ) =
(
Nb +
6
2
)
Φ(ρ),
(6)
− ~
2
2m
(
1
R3N−1
∂
∂R
R3N−1
∂
∂R
− Λ
R2
)
Ψ(R)+
1
2
mω2R2Ψ(R) = EΨ(R),
(7)
and mentioned below as the IBM equation (6) and the hyper-
spherical equation (7) respectively. The solutions of these equa-
tions are radial wavefunctions and the similarity is discussed via
the radial parts of the Schrodinger equations.
The unitary limit is introduced in the hyperspherical Eq (7)
by setting ω = 0 and E = 0 [6]. Such a state satisfies the bound-
ary condition (3) for a → ∞ and manifests scale invariance.
As is well known by the studies in cold atoms [6, 10], at any
N the trapping of the scattered fermions at unitarity manifests
the SO(2, 1) group. This group is isomorphic to the conformal
group in one dimension [11] in which we deal with three gen-
erators that obey the commutation relations
[H,D] = −2iH, [K,D] = 2iK, [K,H] = i~2ω2D. (8)
H is the free Hamiltonian of Eq (1), the word free corresponds
to the compensation of the unitary interaction by the boundary
condition, and in hyperspherical coordinates is translated to the
kinetic term of the hyperspherical equation (7). The harmonic
trap of the same equation defines the special conformal operator
K = (1/2)mω2R2 [12]. The dilatation operator is D = −iR∂R
with the eigenvalue of R∂R to be denoted by ν. The eigenvalue
ν is the scaling exponent at unitarity in Eq (5). The symmetry-
based approach to unitarity [6] consists of the following two
steps. First, a specific state of zero energy is defined in ab-
sence of the trap (ω = 0) that obeys the scaling behavior of
Eq (5). This is the state at unitarity denoted as ψ0ν . Second,
ψ0ν is mapped to states within the trap by the generators of the
SO(2, 1) group. This approach is applied in the IBM equation
(6) through the formal correspondence of the latter with the hy-
perspherical equation (7) that is presented below.
The IBM equation (6) is realized in the six dimensional space
(d = 6) of the s and d bosons [9, 13]. The boson number radius
is ρ =
√
β2 + q20. β is the quadrupole deformation of the nuclear
surface that is defined by β2 =
∑5
i=1 q
2
i . The five quadrupole co-
ordinates qi define the five dimensional quadrupole plane where
the d boson lives. The s boson coordinate q0 is a sixth transver-
sal coordinate to this plane. On the other hand, the hyperspher-
ical equation (7) is realized in standard hyperspherical coordi-
nates. The number of dimensions is related with the number of
particles d = 3N in absence of the center of mass.
In the IBM equation (6), the numerator of the centrifugal
term is the eigenvalues σ(σ + 4) of the angular wavefunc-
tions that span the irreducible representations of the O(6) group.
Now, the corresponding angular eigenvalues Λ of the hyper-
spherical equation (7) obey the relation [14]
Λ2Yλµ(Ω) = λ(λ + 3N − 2)Yλµ(Ω) ≡ ΛYλµ(Ω). (9)
Λ2 is the second order Casimir operator of the O(d) orthogonal
group in d dimensions with d = 3N.
The O(6) group is revealed by setting 3N − 2 = 4 in the
eigenvalues of Eq (9) that take the form λ(λ + 4). Namely, for
N = 2 the hyperspherical equation (7) lives in d = 6 dimensions
manifesting the O(6) group. As a result, for N = 2 the radial
part of the hyperspherical equation is formally similar with the
radial part of the IBM equation. In both equations, the num-
ber of dimensions d is present in the first term as the exponent
of the radius Rd−1 and in the numerator of the centrifugal term
via the eigenvalues of the generalized angular momentum for
the angular wavefunctions. In d dimensions, the algebraic form
of the eigenvalues of the Casimir operator of the O(d) group is
λ(λ + d − 2) [6]. This algebraic form is invariant with respect
to the decomposition of the O(d) group in a specific chain of
subgroups. The decomposition of the O(6) group in the IBM
is the non-canonical chain [15] O(6) ⊃ O(5) ⊃ O(3) ⊃ O(2)
while in the hyperspherical equation is the canonical chain [16]
O(6) ⊃ O(5) ⊃ O(4) ⊃ O(3) ⊃ O(2). However, due to the
invariance of the algebraic form of the eigenvalues of the O(6)
Casimir in both cases, a correspondence of the radial parts is
algebraically valid from the correspondence of λ with σ i.e for
d = 6, λ(λ + 6 − 2) → σ(σ + 4). This correspondence per-
2
mits to apply the symmetry-based approach to unitarity in the
IBM equation and to define the dilatation operator, the special
conformal operator and the free space Hamiltonian in the IBM
via the same radial algebraic forms. The correspondence by no
means implies a transfer of quantum numbers from the solu-
tions of the IBM equation to those of the hyperspherical equa-
tion and vice-versa. The physical interpretation is related with
the pair of wavefunctions that defines a reaction channel [7] and
presented below. The applicability of the IBM to reactions also
has been discussed in previous works e.g in [17].
3.1. Interpretation
The algebraic comparison leads to the consideration of the
generalised Hamiltonian
Hc = H2N + HIBM + H2N/IBM , (10)
with H2N the Hamiltonian of even number of nucleons in hyper-
spherical coordinates, HIBM the IBM Hamiltonian in the O(6)
limit and a coupling term H2N/IBM . The discussion from now
on refers to a scattering process of two incident nucleons onto
the collective state of a target nucleus. By specifying them to
be two incident neutrons, Coulomb interactions in H2N as well
as in H2N/IBM are absent.
Each term of Hc in (10) is in one to one correspondence with
the form
Hc = H(R) + H(ρ) + H(ρ,R). (11)
The states of Hc are written as a sum over a pair of wavefunc-
tions Ψ(ρ,R) =
∑
n Ψn(R)Φn(ρ) with n to indicate a specific
reaction channel. The states of the target (residual) nucleus
Φn(ρ) are provided by the IBM equation while the states of
the ingoing (emerging) neutrons Ψn(R) are provided by a hy-
perspherical equation that is expected to be similar with that
of Eq (7). In what follows it is useful to apply the Fes-
hbach formalism [18]. Therefore consider the case of one
open channel (they can be more but choose this for simplic-
ity) with P = |Φ0(ρ)〉〈Φ0(ρ)| and a set of closed channels with
Q =
∑
n>0 |Φn(ρ)〉〈Φn(ρ)|. For instance the state of the open
channel is PΨ(R, ρ) = Ψ0(R)|Φ0(ρ)〉 and consists of the ampli-
tude Ψ0(R) in R space in the ”direction” of the vector |Φ0(ρ)〉 in
ρ space.
The positions r1,2 of the incident neutrons are measured with
respect to the core of the target nucleus with R2 = r21 + r
2
2. This
geometry is similar to that of Fano for excited electron pairs
in atoms [19]. The kinetic term of H(R) represents the relative
kinetic energy TR between the incident neutrons and the target
nucleus. TR is the kinetic term of the hyperspherical equation
(7) for N = 2 with a reduced mass parameter µ. The interaction
between the incident neutrons in H(R) is written in the form
(4pi~2a/µ)δ(r1 − r2) with a the scattering length of the nucleon-
nucleon interaction. This zero-range approximation is due to
the fact that internucleon separations in a heavy nucleus are
much larger than the range of the strong force. This situation is
similar to that of dilute and cold atomic gases where interatomic
separations are much larger from the range of interatomic inter-
actions [8]. This interaction is therefore compensated by the
Bethe-Peierls boundary condition (2) on the amplitude Ψn(R)
in R space.
The IBM Hamiltonian H(ρ) is that of the IBM equation. The
coupling term H(ρ,R) reflects the potential that the two nucle-
ons see by entering the vicinity of the collective state or the
interaction of each incident neutron with the valence nucleons
of the target nucleus. In our problem this is a pair-collective
state interaction in the zero range approximation that is written
as H(ρ,R) = gRδ(ρ − R). This is like a surface delta interaction
for the coupling of the incident pair of neutrons with the col-
lective state. R indicates the size of the coupled system while ρ
is the collective coordinate of the target nucleus that feeds the
valence space. This coupling term gives rise to the scattering
length aR that is defined by the equation
kR cot δ0 = − 1aR , (12)
with kR the conjugate wavenumber with respect to R. kR is
written in terms of k12 = k1 − k2 and K = (1/2)(k1 + k2) as
k2R = k
2
12/2 + 2K
2. δ0 is the s wave phase shift between the
ingoing (k−R) and the outgoing wave (k
+
R). The assumption is
that such an s wave represents λ = 0 and corresponds to a total
zero angular momentum of the incident neutrons with respect
to the core i.e l1 + l2 = 0. In general, couplings of angular mo-
menta or σ are not discussed here. The energy costs that are
caused by such couplings are transferrred to an overall factor
that multiplies the results.
The scattering state, the amplitude Ψ0(R) of the open chan-
nel, is defined at large distances from the core as
lim
R→∞Ψ0(R) = e
ik−RR +
fkR
R5/2
eik
+
RR. (13)
This form is indicated by the r−(d−1)/2 factors of spherical waves
in hyperspherical coordinates in d = 6 dimensions where the
solid angle is pi3 [20]. In this geometry one derives scattering
amplitudes and reaction cross sections [21] by following the
same steps as in ordinary scattering but with the partial wave
expansion to be written in terms of the λ quantum number of
the O(6) symmetry. The equation to be solved at large distances
from the reaction is (TR + k2R)Ψ0(R) = 0. For Ψ0(R) = R
−2χ(R)
and z = kRR this equation takes a Bessel form(
∂2
∂z2
+
1
z
∂
∂z
+ 1 − (λ + 2)
2
z2
)
Jλ+2(z) = 0, (14)
with χ(R) = Jλ+2(kRR). The solutions of Ψ0(R) are there-
fore obtained from a Bessel function of order λ + 2. A nor-
malization factor is needed that reproduces phase shifts in
the form of Eq (12) and the solutions are finally Ψ0(R) =√
pi/2kRR−2Jλ+2(kRR). The results for the cross sections of the s
wave are
σ = (4pi)3
sin2 δ0
k2R
=
(4pi)3
k2R
(
1
1 + cot2 δ0
)
=
(4pi)3
k2R + 1/a
2
R
, (15)
with a scattering amplitude of magnitude | fkR | ≤ 8/kR. The
maximum value of | fkR | occurs for aR → ∞ and consists of
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the unitary limit for the scattering of a pair of neutrons from a
collective state in the O(6) symmetry. The unitary interaction of
this process is therefore governed by a coupling constant gR =
4pi3aR~2/µ. This interaction is compensated by the appropriate
boundary condition on Ψ(ρ,R) near the reaction center. This is
lim
ρ→R Ψ(ρ,R) =
C
|ρ − R|4 + O(|ρ − R|) +
1
aR
, (16)
or with r = ρ − R in the form of a Bethe-Peierls condition
lim
r→0
∂ ln(r5/2Ψ(r))
∂r
= − 1
aR
. (17)
The boundary condition (16) is obtained from the form of the
laplacian in d = 6 dimensions in order to reproduce the delta
function in Hc and is in accord with the general form of the
first term in d dimensions that goes like 1/|ri j|d−2 [4]. Therefore
the unitary limit of our problem is reduced to two types of uni-
tary interactions. The main type refers to the unitary interaction
between the incident pair of neutrons and the collective state
as a whole with a boundary condition that applies to the chan-
nel wavefunction Ψ(ρ,R). The second type refers to the uni-
tary interaction between the incident neutrons themselves with
a boundary condition that applies to the amplitude Ψn(R).
3.2. Intermediate States
Feshbach resonances in systems of cold atoms exemplify
the occurence of intermediate states of the Feshbach formal-
ism [22]. These states were originally proposed to occur in
compound nuclei [18] and may constitute a candidate for the
unitary limit in heavy nuclei in analogy with the same limit of
cold atoms. To this end, one considers now coupled channels
equations in which energy eigenvalues are measured with re-
spect to the ground state energy E0 of the target nucleus. The
states of the target nucleus in the reaction channel with n = 0
correspond to Nb bosons, with n = 1 to Nb + 1 bosons and so
on. The Hamiltonian of the open channel reads
HPP = PHP = TR+〈Φ0(ρ)|H(ρ)|Φ0(ρ)〉+〈Φ0(ρ)|H(ρ,R)|Φ0(ρ)〉.
(18)
In general channel-channel couplings like HPQ or HQQ involve
matrix elements 〈Φn′ (ρ)|H(ρ,R)|Φn(ρ)〉 as integrals of the form∫
dρρ5Φn′ (ρ)gRδ(ρ − R)Φn(ρ) ≡ Hnn′ . (19)
For instance this is H00 in the open channel, H11 in the first
closed channel and H01 is their coupling. The Hamiltonian
HQQ = QHQ is a matrix of the whole vector space composed
of the target states with Nb + 1, Nb + 2 bosons and so on. For
instance, the coupled equations between the open and the 1st
closed channel read
(E − TR − H00)Ψ0(R) = H01Ψ1(R)
(E − TR − (E1 − E0) − H11)Ψ1(R) = H10Ψ0(R). (20)
There is a standard method [18, 22] to obtain the solutions of
these equations by introducing intermediate states as the solu-
tions of the homogeneous equation of the closed channel
(Es − TR − (E1 − E0) − H11)Ψ1(R) = 0. (21)
With Q1 = |Φ1(ρ)〉〈Φ1(ρ)| call the channel state that corre-
sponds to this solution as Q1Ψ(ρ,R) ≡ |1〉 = Ψ1(R)|Φ1(ρ)〉 and
that of the open channel as PΨ(ρ,R) ≡ |Ψ0〉 = Ψ0(R)|Φ0(ρ)〉.
It is then straightforward to obtain the solutions of the coupled
equations for the amplitude Ψ0(R) in the form of a 2nd order
perturbative expansion over the intermediate states. The ex-
pansion affects the energy of the 1st intermeditate state |1〉 by
Es → Es + ∆s + iΓs/2. The energy shift ∆s and width Γs/2
correspond to the real and imaginary parts of an expression that
involves the matrix element |〈1|H01|Ψ0〉|2. The relation of inter-
est is that of the scattering length
4pi3~2
µ
aR =
4pi3~2
µ
a0 +
|〈1|H01|Ψ0〉|2
E − Es , (22)
with a0 to be the scattering length of the open channel in ab-
sence of couplings. The closer the energy of the incident neu-
trons to the energy Es of the intermediate state, the larger the
aR becomes.
The following comments explain how the combination of the
IBM equation and the hyperspherical equation occurs in a re-
action process and manifests the unitary limit. The homoge-
neous Eq. (21) is of similar form with the hyperspherical Eq.
(7) for N = 2. The kinetic term is the same in both of them.
The role of the trap in Eq. (21) is being played by the term
E1 − E0 that results from the IBM Hamiltonian H(ρ) while the
unitary interaction H11 is formally absorbed into the boundary
condition. When the neutrons enter the vicinity of the collec-
tive state, or the space ρ, there is the probability of their capture
and the formation of the compound nucleus which here is repre-
sented by the intermediate state |1〉. In analogy with cold atoms,
this is a trapped state in a trap provided by IBM Hamiltonian
H(ρ). There are n such ”trapped” states in the whole closed
channels space Q. When the energy of the intermediate state is
Es = E1−E0 this satisfies the condition of zero frequency of the
trap. The resonance energy E = Es = E1 − E0 in the coupled
equations (20) sends aR → ∞ in Eq (22) which produces the
unitary limit. The width of the resonance Γs is produced from
the tuning caused by the coupling H01 that in addition produces
the energy shift ∆s.
4. SO(2, 1) group in the IBM
The solutions of the IBM equation [9] with the introduction
of a characteristic oscillator length aho =
√
~/µω read
Φn(ρ) =
1
ρ5/2
FσJ (ρ), F
σ
J (ρ) =
ρσ
aσho
Lσ+2J (ρ
2/a2ho)e
−ρ2/2a2ho ,
(23)
with eigenvalues
E(Nb) =
(
σ + 2J +
6
2
)
~ω. (24)
Lσ+2J (ρ) is the associated Laguerre polynomial and Nb = σ+2J.
The energy difference is therefore E1−E0 = E(Nb+1)−E(Nb) =
~ω in the first closed channel, 2~ω in the second closed channel
and so on. This energy difference is the energy cost to separate
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a pair of neutrons from a nucleus and therefore ~ω = S 2n the
two neutron separation energy.
It is useful now to introduce the generators of the one di-
mensional conformal group in the IBM. After this introduction
relations for the wavefunctions that occur in the unitary limit of
the cold atoms [6] are easily obtained in the IBM. The bosonic
expressions of H, D and K are revealed by the usual canonical
transformation of the coordinates and momenta [9]. The carte-
sian forms are
H =
5∑
i=0
− ~
2
2µ
∂2i , K =
5∑
i=0
1
2
µω2q2i ,
D = −i
5∑
i=0
1
2
(∂iqi + qi∂i) .
(25)
These operators satisfy the commutation relations of Eq (8).
The special conformal operator is
K =
µω2
4
(
(d† + d)(d† + d) + (s† + s)(s† + s)
)
, (26)
the dilatation operator is
D =
−i
4
((s − s†)(s + s†) + (s + s†)(s − s†)+
(d − d†)(d + d†) + (d† + d)(d − d†)),
(27)
and the free space Hamiltonian is
H = − ~
2
4µ
(
(s − s†)(s − s†) + (d − d†)(d − d†)
)
. (28)
A formal solution of the IBM equation (6) is now defined for
ω = 0 and E(Nb) = 0. This is a limit in which the lower bound
of (6/2)~ω from the U(6) is absent and is amenable to be a
resonance state like that of the intermediate state |1〉 in the first
closed reaction channel. However, such a resonance would have
zero width like the bound state of zero energy in the unitary
limit. In the terminology of cold atoms [6], states within the
trap are mapped to free space eigenstates (ω = 0) denoted as
ψ0ν and vice-versa. In the compound nucleus, the trapped state
|1〉 consists of the amplitude Ψ1(R) and the target state |Φ1(ρ)〉
of specific label σ, J. The target state is obtained by ψ0ν through
the relation
|Φ1(ρ)〉 = (L+)Je−ρ2/2a2ho |ψ0ν〉. (29)
The exponential function exp(−ρ2/2a2ho) = exp(−~ωK) con-
tains the special conformal operator. The ladder operators
[6, 10] are
L± = ±i
(
D +
6
2i
)
+
1
~ω
(H − K) . (30)
The commutation relations of the SO(2, 1) group [6, 10] are
closed by the L1, L2 and L0 generators
L± = 2(L1 ± iL2), 2L0 = 1~ω (H + K). (31)
ψν0
E(σ,J)
e-ℏωKL+
T.S
L+
T.S
L +
Figure 1: A graphical illustration of the action of the SO(2, 1) generators. By
acting with e−~ωKL+ on the zero energy state ψ0ν (left) an eigenstate E(σ, J)
(middle) of the IBM equation is obtained. The scaling exponent ν reflects the
number of bosons for that state of the IBM which serves as the reaction chan-
nel vector |Φn(ρ)〉 of the intermediate state. Towers of states (right: T.S) are
obtained by the action of L+ on a specific eigenstate itself.
The wavefunction of ψ0ν(ρ) is obtained by acting with L− on the
lowest energy eigenstate. By performing the same steps as in
[6] this wavefunction is
ψ0ν(ρ,Ω5) = ρ
NbY(Ω5). (32)
This equation is the analog of Eq (5) where the scaling exponent
is the boson number ν = Nb and the angular degrees of freedom
are denoted by Ω5 in the O(6) limit of the IBM. A scheme of
the action of the SO(2, 1) generators on the IBM is shown in
Figure 1. Of special interest in nuclear physics is the action of
the L+ generator k times on the eigenstates of the IBM equation
themselves. This occurs because of the commutation relation
[H + K, L+] = 2~ωL+. The spectrum of the IBM equation is
then coupled with a tower of equally spaced states of energy
2k~ω,
(H + K)Lk+|Φn(ρ)〉 = (En + 2k~ω) Lk+|Φn(ρ)〉. (33)
In the reaction channel that means the vector of each channel
|Φn(ρ)〉 is coupled to the whole tower of states. Consequently,
the intermediate state |1〉 is now written
Q1Ψ(ρ,R) ≡ |1〉 = Ψ1(R)Lk+|Φ1(ρ)〉. (34)
One and only one solution for the amplitude of the pair of neu-
trons Ψ1(R) in the first closed channel corresponds to L+|Φ1(ρ)〉
as well as to L2+|Φ1(ρ)〉 and consequently to the k-th member of
the tower. This observation leads to the statement that the in-
termediate state |1〉merely appears as a tower of equally spaced
states. In the coupled channels equations the eigenvalues of the
target states are
〈Φ1(ρ)|Lk−H(ρ)Lk+|Φ1(ρ)〉−E0 = E1−E0 +2k~ω = S 2n +2kS 2n.
(35)
When the energy of the incident wave of neutrons is around
unitarity i.e E = S 2n, the intermediate state appears as a tower
of equally spaced states with the k-th member having the energy
2kS 2n.
In trapped cold atoms described by the classical wave limit of
a boson gas [10], these modes result from a perturbation of the
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trap that is succeeded via a time dependent scale factor. In the
IBM, the time dependent scale factor signals the incident wave
of neutrons that perturbs the boson number radius ρ. Consider a
time dependent target state Φn(ρ, t). The one dimensional con-
formal transformation in the IBM is reflected on a local scale
factor that depends only on time λ(t). The transformation is the
following [6, 10]
τ(t) =
∫ t
0
dt′
λ2(t′)
, ρ˜ =
ρ
λ(t)
, λ(t) =
√
1 +
E2
~2
t2. (36)
The form of the local scale factor λ(t) is motivated by that of
the cold atoms with E to be the energy of the incident neutrons
measured with respect to E0. In the vicinity of the resonance for
the first closed channel E = ~ω = S 2n. Like in cold atoms, the
scaling occurs for t < 0 and here reflects the preparation of the
stationary state for scattering. In terms of the one dimensional
conformal group [11] the time dependence of the target states
is governed by the operator G = uH+ vD+wK with G|Φn(t)〉 =
i~ f (t)|Φ˙n(t)〉, f (t) = u + vt + wt2. In our case u = 1, v = 0 and
w = E2/~2 with λ2(t) = f (t). Writing the channel wavefunction
in the form Φn(ρ˜, τ) a state of the tower is obtained from the
relation
Φm(ρ, t) =
e
(
iµρ2 λ˙(t)2~λ(t)
)
λ(t)6/2
Φn(ρ˜, τ). (37)
Wavefunctions of members of the tower are associated with
Φm(ρ, t) and span the representations of the SO(2, 1) group that
is isomorphic to the conformal group in one dimension.
4.1. Discussion on testable predictions
A testable prediction for the one dimensional conformal
group refers to the results of a reaction process of two inci-
dent neutrons on a target nucleus of O(6) symmetry. When the
energy range of the incident wave is around S 2n, new modes
are expected with energies 2kS 2n. This energy range is in line
with the energy range initially proposed for intermediate states
in compound nuclei that is far above the energy of the levels of
a compound nucleus but far below the energy of a giant reso-
nance [18]. However a difference occurs in the emergence of
intermediate states in the IBM with respect to previous works
in the shell model. In the shell model, intermediate states are
termed as doorway states and predicted to occur by the reac-
tion process of one incident neutron on a heavy nucleus. In the
IBM an intermediate state occurs by the reaction of two inci-
dent neutrons with a heavy nucleus and appears as a tower of
equally spaced states.
To the author’s knowledge there are no data of such an ex-
periment in nuclear physics and therefore no experimental evi-
dence is already present in the energy spectra of known nuclei.
However, experimentally such states occur in Bose-Einstein
Condensates of cold atoms in elongated traps that are perturbed
along a transverse direction via a transverse magnetic field [23].
The condensate exhibits two types of modes: A longitudinal
along the elongation of frequency ω‖ and a transverse mode of
frequency ω⊥. The frequency of the first member of the tower
is 2ω⊥ and occurs as a result of the pertubation. In the IBM, the
analog of two types of modes is indicated by the eigenvalues of
the full IBM Hamiltonian that includes two-body terms in the
O(6) limit [1, 9]
En = 0 − A14σ(σ + 4) + B
1
6
τ(τ + 3) + CL(L + 1). (38)
0 is at the order of the binding energy. A change in the bind-
ing energy 0 caused by the addition of one boson equals to
S 2n that plays the role of ω⊥. The rest terms reflect vibra-
tional and rotational low-lying collective excitations caused by
the quadrupole deformation. A typical frequency of these low-
lying collective excitations is the analog of the elongated mode
ω‖. For instance, take as ω‖ the E(2+1 ) of the target nucleus.
Like in cold atoms, infinitesimal changes in the scale factor
λ(t) = 1 + δλ(t), δλ(t) << 1, cause an oscillation of the boson
radius ρ(t) = (1 + δλ(t))ρ(0). By choosing the small parameter
 = E(2+1 )/S 2n, the boson radius oscillates as [6]
δλ(t) = e−2i(S 2n/~)t + e2i(S 2n/~)t + O(2). (39)
This is an example of how the mode of energy En±2S 2n appears
in the energy spectrum of the compound nucleus in the sense of
a classical wave limit of a boson gas [6, 10] that is perturbed by
two incident neutrons.
5. Conclusions
A scattering length is defined between an incident pair of
neutrons and the collective state of a target nucleus in the O(6)
limit of the IBM. A Bessel function is the scattering wavefunc-
tion of the open channel while the closed channel wavefunc-
tions provide intermediate states of the compound nucleus. The
analog of the Feshbach resonance of trapped cold atoms occurs
when the energy of the incident pair is equal to the energy of the
intermediate state. This reaction process extends the manifes-
tation of the unitary limit in heavy nuclei. Such a manifestation
occurs by the appearance of a tower of equally spaced states in
the energy spectrum of the compound nucleus the kth member
of which has energy 2kS 2n.
A scaling exponent is introduced ν = Nb which may serve as
the precursor of a critical point during the formation of an A±2
nucleus. The appearance of the intermediate state at unitarity
as the tower of equally spaced states manifests non-relativistic
conformal symmetry and may be of relevance with the critical
point of the IBM. The excitation of a breathing mode during a
shape change is recently discussed in [24]. According to [18],
intermediate states which in our case appear as the the tower of
equally spaced states, may provide a structure to a giant reso-
nance. A high k level of the tower is not excluded from reaching
the energy range of a breathing mode.
Last but not least, the unitary limit hosts interesting prop-
erties like the BCS-BEC crossover, hydrodynamic properties
of zero viscosity and an underlying conformal field theory.
These properties may be of relevance with nuclear structure
through the IBM. The relation of the IBM symmetries with
gauge groups is an open problem.
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